The purpose of the present paper is to study pressure fluctuations in subsonic flows, analyzing compressible channel flow DNS computations. The transport equation for p ′2 is studied. The coupling of pressure fluctuations with density and temperature fluctuations (which are related through the equation of state) is discussed, for various Mach-numbers. Budgets of the various terms appearing in the transport equation for p ′2 are presented, and closures of the various terms are compared with DNS data. The limiting form of the transport equation for p ′2 for M −→ 0 is used to suggest a possible explanation of the well-known Reynolds-number dependence of wallpressure-variance. Then scaling of wavenumber-frequency wall-pressure spectra on local flow variables is discussed. The possibility of using these results in a broadband noise prediction methodology is assessed.
I. Introduction
Pressure-fluctuations (p ′ ), in wall-bounded flows, have been studied extensively using incompressible DNS computations. [1] [2] [3] [4] Within the assumption of incompressibility, pressure fluctuations are related to integrals of velocity-gradients and velocity-gradients-fluctuations, through the well known Poisson equation for pressure. 5 Kim 6 used a Green's function approach, 7 as a part of DNS computations postprocessing, to analystically solve the Poisson equations corresponding to the slow (turbulence/turbulence) and rapid (turbulence/meanflow-gradient) source-terms. This method has been used by Chang et al. 1 for the detailed study of pressure fluctuations in incompressible turbulent channel flow, and by Foysi et al. 8 for compressible channel flows. The present authors 9 have extended the Green's function methodology to investigate the wall-blockage effect on p ′ , 10 for each of the 10 source-terms of compressible flow the Poisson equation for p ′ . The knowledge of the pressure-fluctuation field (and of its wavenumber-frequency spectra) is essential in aeroacoustic predictions of broadband noise, and it is highly desirable to develop a model capable of extracting this information from RANS computations (with advanced turbulence-anisotropy-resolving models). 11 Short of various approaches based on synthetic turbulence generation coupled with the solution of the Poisson equation for p ′ (limited to incompressible flow), 12 there is indeed very little work on the development of general field models for p ′2 (or [p 2 := p ′2 ). In a rather obscure paper, Chen 13 developed a transport equation for p ′ rms , with plausible results in plane channel flow (although, because of the wall-boundary-condition used for p ′ rms , the model is incapable of mimicking the Re τw -dependence of [p ′ rms ] w ). The approach followed by Chen contains many arbitrary ad hoc assumptions, mainly because, in strictly incompressible flow there is no exact transport equation for the static pressure. However, even for low-Mach-number aeroacoustics, an exact transport equation for p ′ rms can be developed, by considering that the flow is (weakly) compressible (which is indeed the case). Notice that the homogeneous shear flow version of this equation was used by Hamba, 14 to model the pressure-dilatation correlation in high-speed flows (in the absence of solid walls).
In the present paper the p ′2 -transport equation is examined, based on data from compressible channel flow DNS computations. 15 Since p ′2 is coupled with ρ ′2 and T ′′2 , through the thermodynamic equation-ofstate p = p(ρ, T ), the transport equations for ρ ′2 and T ′′2 are studied as well. Budgets of these equations are given and modelling approaches are suggested for the various terms. The relation of pressure, density and temperature fluctuations is studied. Then the possibility of developping a scaling of wall-pressure spectra based on local data is discussed.
II. Pressure-Fluctuations Transport

A. Basic Flow-Equations
Starting from the conservation equations
the static temperature equation may be obtained by substracting the conservation of momentum premultiplied by u i (Eq. 2) from the total energy equation (Eq. 3)
where use was made of the thermodynamic identity
The above equations (Eqs. 1-5) are valid for general thermodynamic relations p = p(ρ, T ) and c p = c p (ρ, T ).
Using the thermodynamic identity
, continuity (Eq. 1) and static-temperaturetransport (Eq. 4) can be combined to give the static-pressure-transport equation
where for a general equation-of-state using a compressibility-factor Z(ρ, T )
Notice that the volume forces f Vi present in the momentum equation (Eq. 2), appear neither in the static temperature (Eq. 4) nor in the static pressure (Eq. 6) equations.
B. Perfect-Gas Equation-of-State
To simplify the analysis perfect gas thermodynamics with constant c p will be assumed
Then the static-pressure-transport equation becomes
with γ := c p /c v the ratio of specific heats. This form of the static-pressure-transport (Eq. 9) has been used by several authors, in lieu of the energy-conservation equation, both in theoretical studies 14 of compressible turbulence, and in DNS computations 16 of shockless compressible flows. As shown in the previous discussion this form of the static-pressure-transport (Eq. 9) is only valid when Z = 1 ∀(ρ, T ).
In the following, we will further assume γ = const, together with standard linear laws for the constitutive relation for the stress-tensor and the heat-flux vector 
This equation, which for the plane channel flow case may be easily solved using the appropriate Green's function, 6, 9 has been used by many authors to investigate the relative importance of various mechanisms (eg rapid and slow, 1 density fluctuation and mean gradient influence, 8 wall-echo effects on the various sourcemechanisms, 9 · · · ).
D. Pressure-Variance Transport
Alternatively, the transport equation for p ′2 may be used. After some straightforward algebra, the transport equation for the pressure-variance is obtained
where φ ij is the redistribution tensor and φ p is the pressure-dilatation correlation
A similar equation has been studied by Hamba, 14 but omitting the correlations associated with τ ′ ij (terms P (p ′ ;φij ) and E (p ′ ) ; Eq. 12). This approximation is acceptable in the case of homogeneous turbulence, far from solid walls studied by Hamba, 14 but not in the present case, where we are interested in the near-wall strongly inhomogeneous region.
E. Density-Variance Transport
The density-variance (ρ ′2 ) transport equation is obtained after some straightforward algebra 14, 18 from the continuity equation (Eq. 1)
where the identity 21, 22 for any 2 flow-quantities a and b, was used. The present form is the one given by Taulbee and VanOsdol. 18 Other alternative expressions are possible, 23 and will be discussed along with the analysis of budgets and modelling of the density-variance-equation ( §IV.B).
There are (Eq. 14) 2 mechanisms of interaction with meanflow-gradients which can produce densityfluctuations. The first mechanism is the production of ρ ′2 by the action of the fluctuating-massflux with gradρ (P (ρ ′ ;∇ρ) ; Eq. 14). It is expected that in most flow situations P (ρ ′ ;∇ρ) ≥ 0. The second mechanism (P (ρ ′ ;Θ) ; Eq. 14) is related to meanflow-dilatationΘ = ∂ x ℓũ ℓ . Since ρ ′2 ≥ 0 this mechanisms produces ρ ′ , eg in decelerating flow (Θ < 0), and destroys ρ ′ in accelerating flow (Θ > 0).
F. Temperature-Variance Transport
The temperature-variance ( T ′′2 ) transport equation is obtained after some straightforward algebra
A similar equation has been studied by Tamano and Morinishi.
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III. DNS Computations
Turbulent channel flow DNS results exist either for incompressible 25, 26 or for supersonic 8, 27 flow, but to the authors knowledge the actual coupling fluctuating pressure, density, and temperature fields in subsonic channel (wall-bounded) flow has not been studied in detail (Foosi et al. 8 computed [Re τw = 180, M B = 0.3] flow, but focussed their invvestigation on the compressibility effects on the Reynolds-stress redistribution tensor φ ij ). To examine the various terms appearing in the previous transport equation for p ′2 , compressible channel flow 27 DNS computations were performed for Re τw = 180, 230, and for M Bw = 0.3, 1.5. The DNS solver uses high-order (O(∆x 9 H ) low-diffusion upwind schemes, 15, 22 and implicit O(∆t 2 ) dualtime-stepping time-integration with explicit subiterations, 15, 22, 28 to solve the conservation equations (Eqs. 1-3). The previously mentionned thermodynamic and constitutive relations were used (Eqs. 8, 10) with a Sutherland law for µ and a modified Sutherland law for λ, with standard values for air. 29 The bulk-viscosity coefficient was set to 0 (µ b = 0), in accordance with most compressible flow channel DNS computations. 8, 27, 30 A rather coarse baseline grid was used for the present assessment. 22 The statistics obtained with these DNS computations were validated by comparison with both incompressible 2, 4, 25, 26, 31 (Fig. 1) , and with compressible 8, 27 ( Fig. 2) DNS data.
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IV. Analysis of the DNS Results
A. Variances and Correlation Coefficients
Examination of the variances of pressure, temperature and density, normalized by the local mean values of the corresponding variables (Fig. 3) indicates that the relative level of fluctuation is comparable for all of the 3 thermodynamic variables. Examination of the correlation coefficients C pρ , C ρT , C pT (where for any flow variables a and b the correlation coefficient is defined as 33 C ab . = a ′ b ′ /a rms b rms ) indicates (Fig. 3) that, near the wall pressure and temperature (C pT ) are almost uncorrelated, the correlation increasing towards midchannel (Fig. 3) . Density and temperature are uncorrelated at the wall, but the correlation rapidly increases (in absolute value) towards C ρT = −1, and then falls towards midchannel. Pressure and density are fully correlated at the wall, with a decrease and subsequent increase towards midchannel (Fig. 3) . Both the high-Mach-number results (M B w = 1.5;M CL = 1.5) and the low-Mach-number results (M B w = 0.3;M CL = 0.34) bring forward the strong coupling between pressure and density fluctuations (Fig. 3) which is induced by the isothermal wall-boundary-condition
This isothermal-wall boundary-condition obviously induces a correlation coefficient [C pρ ] w = 1 (Fig. 3) . Notice that the ratios ρ ′ rms /ρ and T ′ rms /T exhibit a peak at y + ∈ [8, 9] , contrary to the distribution of p ′ rms /p whose maximum is located at y + ∈ [25, 28] , and which is quite flat in the entire range y + ∈ [0, 30] The only noticeable Mach-number-influence is that the correlation between density and temperature drops to C ρT ∼ = 0 in the midchannel region forM CL = 0.34, whereas it has a value of C ρT ∼ = 0.25 forM CL = 1.5 (Fig. 3) , with an associated small difference in the level of the other 2 corelations.
To better understand the implications of the above results, use is made of the following relations, which are directly obtained by the equation of state (Eq. 5)
Density-fluctuations ρ ′ rms (y)/ρ(y) scale withM −2 CL (Fig. 4) , but the relative importance of ρ ′ rms (y)/ρ(y) and of p ′ rms (y)/p(y) is independent ofM CL .
B. Density-Variance-Transport Budgets and Modelling
The density-variance equation, for the plane channel flow case (taking into account thatṽ = 0 from the averaged continuity equation, and thatΘ = 0) reads
In this flow, in the absence of meanflow dilatation, density fluctuations are produced by the interaction of the fluctuating massflux ρ ′2 v ′′ with the mean-density-gradients d yρ . This production P (ρ ′ ) = P (ρ ′ ;∇ρ) ) is counterbalanced by the combined acion of diffusion (d (ρ ′ ) ) and of destruction ε (ρ ′ ) , as shown in the budgets obtained from the DNS computations (Fig. 5) . Expectedly, turbulent diffusion from the transport of ρ ′2 by the fluctuating velocity vector u ′′ i gives a negative contribution (loss) to the ρ ′2 -balance in the region of high production (Fig. 5) . The maximum of P (ρ ′ ) is located approximately at y + = 10, whereas the maximum of destruction is located at y + = 7, at least for the low-Reynolds-numbers studied in the present work (Fig. 5) . Compressibility tends to slightly increase the y + -location of the maxima, as seen from the M B w = 1.5 results (Fig. 5) . It is nonetheless remarkable that there is almost no influence of the Mach-number on the importance of the various terms in the budgets of the ρ ′2 -transport (Fig. 5) .
The isothermal-wall boundary-condition (Eq. 16), for the perfect-gas equation-of-state (Eq. 8), clearly indicates the coupling (through the isothermal-wall boundary-condition) between the pressure and the density fluctuations. Notice that d y ρ ′2 = 0 (Figs. 3, 4) , so that the equations for the ρ ′2 and p ′2 are coupled onewith-another, in the isothermal-wall case. The situation would be different, in the adiabatic-wall case, where 0-gradient boundary-conditions prevail. Nonetheless, the limiting form of the ρ ′2 -transport (Eq. 22), at the wall where the massflux ρ ′ u ′ i vanishes because of the no-slip boundary-condition, reads
and this form of the equation may be used for modelling purposes (for the fully-developed plane-channel flow
Yoshizawa 23 models ρ ′2 -transport without explicitly accounting for production by meanflow-density-gradients. It is not clear how the modelled equation of Yoshizawa 23 accounts for the associated production, which is important in the near-wall region (Fig. 5) , and, for the present fully-developed plane-channel flow is the only production mechanism.
Taulbee and VanOsdol 18 have modelled the density-variance-equation, with an associated model for the turbulent massflux
. A boundary-layer implementation of the model was used, in conjunction with a k − ε model for the meanflow equations, to compare with the experimental measurements of Kistler.
?
The closures used by Taulbee and VanOsdol 18 were
where µ Tρ ν T was taken from the k − ε model of Chien, 34 and C ε (ρ ′ ) (y + ) contains an anti-damping function of y + , such that lim y + −→0 C ε (ρ ′ ) = ∞. Although this model 18 was developed by a trial-and-error procedure (in the absence, at that time, of reliable near-wall data for ρ ′2 and for the various terms appearing in the density-variance equation), this choice was made 18 in an attempt to reproduce the near-wall peak of ε (ρ ′ ) (Fig. 5) . A priori assessment of the model for d ( ρ ′ ) (Eq. 24) against the present DNS data (Fig. 6 ) shows that the model captures the form of d ( ρ ′ ) in the near-wall region, but largely overestimates the magnitude of d ( ρ ′ ). A recalibration of the model by a coefficient and/or the use of an alternative model proportional to d y ρ ′2 would solve this problem. A priori assessment of the model for ε (ρ ′ ) (Eq. 25) against the present DNS data (Fig. 7) shows that the model is quite unsatisfactory (curves ÷f µ ; Fig. 7 ). This is due to the fact that the original model, in the absence of DNS data at that time, 18 optimized the coefficient C (ε ρ ′ ) to counterbalance the overestimated near- (Fig. 6) . Using the same model (Eq. 25) without anti-damping (C (ε ρ ′ ) = 5.3) slightly improves the agreement (curves f µ = 1; Fig. 7 ), while the model with damping (C (ε ρ ′ ) = 5.3f µ (y + )) gives the correct near-wall form of ε (ρ ′ ) , but requires reoptimization to give the correct level (curves ×f µ ; Fig. 7 ). a priori: ×f µ a priori: 
C. Budgets of Pressure-Variance Transport
Budgets of p ′2 -transport (Eq. 12) indicate (Fig. 8 that the pressure-dilatation correlation and especially the term −3γφ p is important in the near-wall region, both at supersonic and low-subsonic Mach-numbers. These results, are still being investigated, to ensure full convergence of the computations, because the p ′2 -budgets, and in general statistics of the p ′ -related terms, are the slowest to converge, especially for the low-Machnumber cases. 
D. Budgets of Pressure-Variance Transport
Budgets of T ′′2 -transport (Eq. 15) indicate (Fig. 9 ) that the compressibility-related terms are important only in the supersonic case. The budgets obtained for the T ′′2 -transport (Fig. 9 ) are in good agreement with the results of Tamano and Morinishi.
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V. Conclusions
The present work studies the behaviour of density, pressure and temperature fluctuations in fully-developed compressible turbulent channel flow, over isothermal-walls based on low-Reynolds-number DNS computations, both at low-subsonic (M CL = 0.34) and supersonic (M CL = 1.5) conditions.
Results indicate that the near-wall behaviour of ρ Budgets of the transport-equations for ρ ′2 , p ′2 , and T ′′2 are obtained from the DNS computations. Comparison of previously proposed models for ρ ′2 -transport with the present DNS results suggests ways for improving these models, especially in the near-wall region.
Future work will concentrate both in enlarging the DNS database (various values ofM CL and of Re τw , including adiabatic-wall computations), and in developing single-point closures for the variances-transport equations.
